Abstract. In a preceding paper we have introduced the t-singular homology with integral coefficient of orbifolds, which captures the orbifold structures. In this paper we introduce the s-singular homology of orbifolds, and study the s-singular homology of orbifolds and the t-singular homology with rational coefficient of orbifolds. The main theorems are the following: (i) the s-singular homology group of an orbifold is isomorphic to the usual singular homology group of its underlying space; (ii) the t-singular homology group with rational coefficient of an orbifold is isomorphic to the usual singular homology group with rational coefficient of its underlying space.
Introduction
In [TY2] we have introduced and developed the theory of t-singular homology of orbifolds. The t-singular homology group with integral coefficient of an orbifold can capture the orbifold structure of that orbifold (see Example 2.11). In this paper we introduce the s-singular homology of orbifolds. It plays important roles in [TY3] , where we use s-singular chains to define the ws-singular cohomology, the cap product, and to construct exact sequences. As well as the t-singular homology, the s-singular homology is also a homology naturally defined for orbifolds. It is worth investigating the nature of them with general coefficients. Note that the orbifolds we treat in this paper are not necessarily good. That is, orbifolds do not need to have a manifold covering.
Most of the results in [TY2] , including [TY2, Lemmas 5.4 and 5.8, Theorem 5.13], are still valid with R coefficient where R is a commutative ring with a unit, which are used in this paper (see Lemmas 3.1, 3.4 and 5.3 and Theorem 6.8).
We now summarize the contents of this paper. In Section 2 we review the definition of t-singular homology of orbifolds, and give the definition of s-singular homology of orbifolds. In Section 3 we study the s-modification. In Section 4 we prove that the s-singular homology group of an orbifold is isomorphic to the usual singular homology group of the underlying space of the orbifold (Theorem 4.5). In Section 5 we prove and review some lemmas on the t-modification. In Section 6 we prove that the t-singular homology group with rational coefficient of an orbifold is isomorphic to the usual singular homology group with rational coefficient of the underlying space of the orbifold (Theorem 6.8).
After all, it turns out that both the t-singular homology with rational coefficient and the s-singular homology with general coefficients do not depend on the data of local groups of orbifolds but are determined by the underlying space of orbifolds. Nevertheless, it is worth noting that these variations of homologies for orbifolds are not effective in investigating the orbifold structures except for the topology of their underlying space. 
Singular, s-singular and t-singular homologies
is connected, we can show that Aut(Ũ i , ϕ i • r i ) = G i by using the uniqueness of the path lifting of the covering map
We call |f | and {f iν } the underlying map and the structure maps of the continuous map f , respectively. We often denote the above f by f = (|f |, {f iν }). We call F an atlas of f .
If f is obtained from f by changing eachf iν to g ν •f iν for some g ν ∈ G ν and satisfies (iv) (and, automatically, (i)-(iii)), then f and f give the same continuous map structure. Two atlases give the same continuous map structure if their union is again a compatible atlas. Let f : M → N be a continuous map and A ⊂ M a subspace. The restriction f |A : A → N is defined by restricting the underlying map and the structure maps of f to |A| and the atlas of A, respectively.
A Under these categories, we define homotopy, b-homotopy, homotopy equivalence, and b-homotopy equivalence as usual.
In the remainder of this section we review the definitions of singular and t-singular homologies of orbifolds, and give the definition of s-singular homology of orbifolds. Note that the orbifolds we treat in this paper are not necessarily good. That is, orbifolds do not need to have a manifold covering.
First we review the singular homology of an orbifold (see [Sa, TY2] ).
Let R be a commutative ring with a unit. 
We denote the set of all q-dimensional singular simplices of M by S q (M). A q-dimensional singular chain of M is a finite linear combination j n j j of q-dimensional singular simplices of M. We denote the R-module with basis of
Definition 2.3. Let M be an orbifold and
and
2)
Note that ∂( j n j j ) = 0 means that the structure maps of ∂ j count to zero under transformations. The q-dimensional singular homology group of M is defined by Z q (M)/B q (M), and denoted by H q (M) (see [Sa] ) where
Any continuous map between orbifolds induces a chain map between their singular complices. Thus, the singular homology group is a homotopy invariant of orbifolds. It is also a b-homotopy invariant of orbifolds since b-homotopy equivalent orbifolds are homotopy equivalent (see [TY2, Definition 3.4] for the definition of homotopy and b-homotopy of orbifolds).
Regrettably, the singular homology groups of orbifolds do not capture the orbifold structures, see Theorem 4.5.
For each point x of the underlying space of an orbifold M we call the order of the local group G x at x the weight of x, and denote it by w(x). Definition 2.6. Let M be an orbifold. A singular simplex Definition 2.9. A q-dimensional s-singular chain (respectively t-singular chain) of an orbifold M is a finite linear combination j n j j of q-dimensional s-singular simplices (respectively t-singular simplices) j of M. We denote the R-module with basis of all q-dimensional s-singular simplices (respectively t-singular simplices) of
If an orbifold M is a manifold, then both s-C q (M) and t-C q (M) coincide with the group of q-dimensional singular chains of M.
By the above definition of s-singular simplex (respectively t-singular simplex) it holds that
(2.5)
Each element of s-Z q (M) (respectively t-Z q (M)) is called a q-dimensional s-cycle (respectively t-cycle) and each element of s-B q (M) (respectively t-B q (M)) is called a q-dimensional s-boundary cycle (respectively t-boundary cycle). Two q-dimensional s-cycles (respectively t-cycles) c and c are called s-homologue (respectively t-homologue) if [c] = [c ] in s-H q (M) (respectively t-H q (M)).
Let M and N be orbifolds. A degree zero homomorphism ϕ :
Remark 2.10. Any continuous map that is an embedding of orbifolds induces an s-chain map (respectively a t-chain map) between the s-singular chain (respectively t-singular chain) complices. In particular, an isomorphism f : M → N between orbifolds induces an s-chain map (respectively a t-chain map)
. Thus, the s-singular homology (respectively t-singular homology) is an isomorphism invariant of orbifolds.
In fact, the s-singular homology is a homotopy invariant (and, automatically, a b-homotopy invariant) of orbifolds by Theorem 4.5. Although s-H * (M) does not capture the orbifold structure of an orbifold M (see Theorem 4.5), it plays important roles in defining the cap product, and constructing exact sequences of the 'ws-singular cohomology' theory of orbifolds in [TY3] .
On the other hand, the t-singular homology is a b-homotopy invariant of orbifolds by [TY2, Theorem 5.16], but it is not a homotopy invariant of orbifolds (see [TY2, Example 3.7] ).
Furthermore, the t-singular homology captures the orbifold structures. The following is a simple and typical example.
Example 2.11. We have 
The s-modification
In this section we study some basic facts on the s-singular homology of orbifolds, which are used in the proof of Theorem 4.5. 
for some i, j , then it holds that
Then we say that the homotopies i s satisfy the face condition of i . We call c s = j =1 n j j s (s ∈ Proof. By using Lemma 3.4 and an appropriate refinement we obtain the desired s-modification. (φ,a) , j = 0, 1, . . . , q, as follows.
5) wherex i k means deleting x i k and a := e[x i 0 · · · x i p ](a), and for
(3.6)
(ii) If φ is not a face of , then
Furthermore, we define 
More on s-singular homology
In this section we give a proof of Theorem 4.5, by using of a modification and a refinement of a singular chain. 
Then we say that the homotopies ϕ i s satisfy the face condition of ϕ i s . We call
We can prove the following proposition in a way similar to the proof of Propositions 3.7 and 3.10. Proof. By Definition 2.5 all we have to do is to construct a continuous map
be a system of local charts of q (respectively M). Take any V j ∈ {V ν } and any U k ∈ {U µ } with ϕ i (V j ) ⊂ U k . By the assumption we can take a lift
The following theorem says that the (s-)singular homology of an orbifold does not capture the orbifold structures. On the other hand, the t-singular homology does. See Example 2.11 or [TY2, Section 11], where the t-singular homology is illustrated through simple but important examples. THEOREM 4.5. Let M be an orbifold. For each q, the following holds:
Proof. We define a map µ :
(4.4) Also the map µ is a homomorphism since 
t-singular homology with rational coefficient
In this section we show that for each q the q-dimensional t-singular homology group with rational coefficient of an orbifold is isomorphic to the usual q-dimensional singular homology group with rational coefficient of its underlying space. where α i = α i /#Gỹ and Gỹ is the isotropy group ofỹ after transforming some of the structure maps appropriately. Thus, we can slightly modify each g jφ i µ , g j ∈ Gỹ, µ = 1, 2, . . . , r i , i = 1, 2, . . . , , in a sufficiently small neighborhoodṼ ofỹ preserving the face condition of g jφ i µ (not of ϕ i ) so that it does not map any vertices into φ −1 ( M) ∩Ṽ (see Figure 1) . Then we change the chain c to that whose structure maps are the result of the modification. Modifying on the other vertices as well, we obtain the desired homotopy c s .
2
We denote the above c 1 by c mP and call it a pre-t-modification of c from the multiplicity and call c s a pre-t-homotopy of c. -t-homotopies c s , c s , (c + c ) s , (αc) s ,  and (∂c) s of c, c , c + c , αc, and ∂c, respectively, Thus, is well defined. To show that is a homomorphism, take any 
To show that is surjective, take any [c] ∈ t-H q (M; Q). Since c ∈ Z q (M; Q), ([c]) = [c].
